Abstract: Optical frequency comb (OFC) generation based on four-wave mixing in highly nonlinear fiber (HNLF) is investigated using dual-transverse-mode square microlaser as a seed source. Dual-mode lasing microlasers with wavelength intervals from 1.11 to 0.36 nm are realized and applied for OFC generation at different square side lengths. For an 18-μm-side-length microlaser, a frequency comb with 50 nm bandwidth and 102 GHz line spacing is achieved using two stages of erbium-doped fiber amplifier and HNLF. A phase-locked comb with a pulse width of 1 ps is also verified using frequency resolved optical gating analyses. In addition, the comb linewidths are nearly linearly increased with the comb order, which is in agreement with the linewidth behavior determined by 1/f noise. The results indicate that 1/f noise deteriorates the laser linewidth greatly.
Introduction
Optical frequency combs (OFCs) have attracted a great deal of interest for their wide range of applications in optical clocks [1] , [2] , molecular fingerprinting [3] , radio-frequency photonics [4] , [5] , optical arbitrary waveform generation [6] , and ultra-wideband fiber communications [7] , etc. Optical comb was traditionally generated using femtosecond mode-locked lasers such as the Ti:sapphire and fiber mode-locked lasers [8] - [11] . However, the comb tooth spacing is generally limited to the range of dozens of MHz to 1 GHz due to the long laser cavity. By filtering a 250 MHz Er:fiber laser, a 12.5 GHz spaced comb was generated and utilized for near-infrared astronomical spectrograph calibration [12] . In addition, phase or intensity modulated continuous-wave (CW) lasers were utilized to obtain a short pulse or a wide bandwidth comb spectrum [13] - [15] . To produce a broad and flat OFC, additional microwave sources and multiple modulators are usually needed, which will undoubtedly increase the system cost and complexity. In the past decade, parametric frequency conversions in high-quality-factor (Q) microresonators have been developed to generate OFC, supporting the frequency spacing from tens to hundreds of GHz [2] , [16] - [20] . The self-referenced microresonator frequency comb at a repetition rate of 16.4 GHz was achieved, and the phasecoherent control and low-noise property were also demonstrated [21] . Another promising method for generating OFC is based on cascaded four-wave mixing (FWM) in highly nonlinear fibers (HNLFs), which can realize the repetition rates tunability by adjusting the pump wavelength spacing [22] - [25] . HNLFs were successfully used for optical pulses generation [26] and compression [27] . Comb spectrum over 300 nm bandwidth was realized by launching two intensity-modulated lasers into a HNLF [22] . For efficiently generating higher-order mixing tones, precise dispersion engineering was investigated in a multiple-stage spread-spectrum technique [23] . Dual-pumping for tunable OFC generation in normally dispersive HNLF was numerically studied, which reveals the influence of input parameters for extending comb bandwidth [28] . In addition, HNLFs have also been applied to extend the spectrum bandwidth of a microresonator comb [2] , [21] or a modulated multi-wavelength optical source [29] - [31] .
Recently, mode control has been investigated for square resonator microlasers connected to a midpoint or vertex output waveguide [32] , [33] . Large square resonators with a vertex waveguide can have high passive mode Q factors and result in dual-mode lasing simultaneously for the fundamental and first-order transverse modes. Circular-side square microlasers have been designed to adjust the mode Q factors and realize the dual-mode lasing with enhanced mode interval [34] . Multicoherence wavelength generation has been demonstrated based on the integrated twin-microdisk lasers and HNLF [35] . In this work, single-cavity dual-mode square microlasers are utilized as the seed sources for generating OFC in HNLF. Considering the field distributions overlap and carrier density change synchronism, we expect that the phase and intensity fluctuation are more or less synchronism for the two lasing modes in the dual-mode square microlasers. However, the phase variations of the separated pump lasers are random, which determines the utilization of the pulse modulation [24] - [26] , [31] . The generated wide comb spectrum and short pulse indicate that dual-mode square microlasers have the potential to replace the separated lasers for the ongoing researches on dual-pumped fiber-based frequency comb generation. Finally, we solve the nonlinear Schrödinger equation for further improving the comb generation in HNLF. A three-stage nonlinear technique using narrow linewidth lasers is also proposed to generate a spectrum with wider bandwidth and better flatness.
Dual-Mode Square Microlaser
We firstly numerically simulated the mode characteristics for an 18-μm-side-length square microresonator with 1.5-μm-width waveguide with finite element method (FEM) and parameters described in [34] . By solving the wave equation, resonance frequencies and Q factors of the transverse-electric (TE) modes can be obtained. The magnetic field distributions of |H z | for the fundamental (0th) and first-order (1st-order) transverse modes at wavelengths of 1534.67 and 1533.85 nm are plotted in Fig. 1(a) and (b), with those on the right side including the output waveguide magnified by five times. The square microlasers are fabricated using an AlGaInAs/InP laser wafer with the same fabrication technique as in [32] , [33] . Six compressively strained quantum-wells and barrier layers with thickness of about 6 nm and 9 nm are sandwiched between two 90 nm AlGaInAs separate confinement hetero-structure layers. The upper confinement layers are 1.2 μm p-InP and 0.1 μm p + -InGaAs contacting layer. The square resonator patterns are transferred onto the SiO 2 layer using standard photolithography and inductively coupled-plasma (ICP) etching techniques, and the laser wafer is etched to about 4.5 μm using the ICP technique again with the patterned SiO 2 layer as a hard mask. The microsquare lasers are mounted on a thermoelectric cooler (TEC) platform and tested by butt-coupling into a tapered single-mode fiber (SMF). Lasing spectra for 16, 18, 20, and 24-μm-side-length microsquare lasers are shown in Fig. 2 at 30, 32, 44, and 46 mA, respectively. The corresponding transverse mode intervals (spacing between the two main peaks) are 1.11, 0.82, 0.42, and 0.36 nm, respectively. The other satellite modes are spatial modes and belong to different transverse and longitudinal modes. The transverse and longitudinal mode intervals are inversely proportional to the cavity area and the side length, respectively [32] .
The lasing wavelengths are different for these microlasers, which are determined by both the mode wavelength and the gain spectrum position. For the 18-μm-side-length sample, the threshold current is 6 mA and the maximum coupled power is 0.21 mW at 36 mA. The uniform dual-mode lasing with a side-mode suppression-ratio of 41 dB is realized at 32 mA, with the lasing peaks at 1550.37 and 1549.55 nm for the fundamental and first-order transverse modes, respectively. The corresponding transverse mode interval is 0.82 nm, i.e., 102 GHz, same as the simulation result. Furthermore, a pair of FWM peaks with much narrower width than other higher order transverse modes is clearly observed at 1551.19 and 1548.73 nm, confirming the coexistence of the two lasing modes. The longitudinal mode interval is about 13 nm, which can be fitted by λ 2 /2 √ 2an g with a group index n g of 3.6. Using a delayed self-heterodyne setup with a 20-km SMF path delay on one arm and an acoustic-optic modulator with a 70 MHz frequency shift on the other arm, the laser linewidth is measured about to be 25 MHz at 32 mA. Compared with the previous report [33] , smaller size microlasers with larger mode intervals and higher output powers are realized for generating optical frequency comb and picosecond pulse. Fig. 3 . Experimental setup for the OFC generation using the dual-mode square microlaser. EDFA, erbium-doped fiber amplifier; OBPF, optical band-pass filter; OSA, optical spectral analyzer, FPC, fiber polarization controller; HNLF, highly nonlinear fiber; FROG, frequency resolved optical gating. Fig. 3 shows the experimental setup to generate FWM combs with two-stage cascaded HNLFs using the square microlaser as a seed source. The laser emission is firstly pre-amplified to 10 dBm by an erbium-doped fiber amplifier (EDFA), and then an optical band-pass-filter (OBPF) is used to reduce the amplified spontaneous emission noise. After boosted up in EDFA 1 , the signal is launched into HNLF 1 to initiate FWM. Then a 50 m standard SMF is adopted to compress the chirped waveform produced in HNLF 1 as in [23] , [31] . Finally, EDFA 2 and HNLF 2 are employed for the second spread-spectrum stage. In this system, the output powers of the two EDFAs should be optimized to obtain a better result. The two EDFAs powers should be adjusted to produce a broad comb spectrum. An optical spectrum analyzer (OSA) with a resolution of 0.02 nm is used to monitor the filtered output and measure the generated OFC spectra. The temporal properties of OFCs are characterized by a second-harmonic-generation (SHG) frequency-resolved optical gating (FROG) measurement technique, which has been commonly used in ultrafast laser pulse as a diagnostic tool [36] . From the SHG-FROG traces, the intensity and phase of optical waveforms can be retrieved through Fourier transform. Each HNLF has a length of 500 m, attenuation coefficient of 2 dB/km, and nonlinear coefficient of 10 W −1 · km −1 . The dispersion and dispersion slope at 1550 nm are 0.389 ps/(nm · km) and 0.017 ps/(nm 2 · km), respectively. The total insertion loss of the experimental setup is about 7 dB, including 2 dB attenuation of HNLFs, 3 dB splice loss between HNLFs and SMFs, and 2 dB connection loss of the other passive components.
Experimental Setup and Results

Experimental System
Experimental Results
The OFC output characteristics using the aforementioned 18-μm-side-length dual-mode laser are summarized in Fig. 4 . As shown in Fig. 4(a) , 12 comb teeth spaced by 0.82 nm (102 GHz) are obtained at the 1st-stage when the average output power of EDFA 1 is 400 mW. The generated OFC repetition rate is basically determined by the mode interval of the square laser. Although a threshold of 250 mW is measured for the stimulated Brillouin (SBS) backscattering of HNLF 1 with the help of an optical circulator, we find that the comb line number gradually increases with the pump power into HNLF 1 and saturates at about 400 mW. Finally, a frequency comb spectrum with Gaussian shape exceeding 60 products is realized in the 2nd-stage at 250 mW pump power, as shown in Fig. 4(b) . The total average power of the final output is about 100 mW. The multi-wavelength generated in the 1st-stage is broadened to a wide spectrum with bandwidth from 1525 to 1575 nm, covering the conventional wavelength band (C-band). As the dashed lines show, the 3 dB bandwidth of the comb is about 5.7 nm (i. e., 8 comb teeth), and the corresponding optical signal to noise ratios are larger than 26 dB. Using the Lorentz fitting for each individual comb tooth, we obtain the comb linewidths ν and plot in Fig. 4(c) . Ignoring to the lower order teeth with the measured linewidth limited by the 
where N represents the Nth order comb line as marked in Fig. 4(b) . As discussed in [37] , the seed light source with achromatic (white) frequency noise or 1/f frequency noise will result in spectra linewidth quadratically or linearly increase with the comb order. Assuming the quadratic term 0.11N 2 in (1) is contributed from the uncorrelated white frequency noise as 2N 2 ν 0 , we can obtain the seed light source linewidth ν 0 = 7.1 MHz determined by uncorrelated white frequency noise, which is smaller than the square microlaser linewidth of about 25 MHz. In fact, the laser linewidth can be contributed to uncorrelated spontaneous emission phase noise and correlated phase noise caused by carrier number fluctuation [38] , while the correlated phase noise does not induce the broadening of comb linewidth [37] . If the linear term 9.37N in (1) is contributed from 1/f frequency noise as 2N δν 0 , we can have the seed light source 1/f noise linewidth δν 0 = 625 MHz, which is much larger than the original laser linewidth. The results indicate that the 1/f frequency noise significantly influences the signal quality. Therefore, the characteristics of seeding sources need to be improved, especially for the linewidth and phase noise. In Ref [34] , we have already shown that slight changes to the laser geometry can strongly affect the Q of the microsquare lasers. The linewidth and noise are expected to be improved by enhancing the Q factor through modifying the fabrication techniques or geometry of the laser. We are also considering to package the square microlaser to reduce the noise and increase the stability. Fig. 4(d) implies the red-shifted OFC spectra as laser injection current increases with a step of 0.03 mA. Indeed, the dual-mode lasing around 1550 nm can be maintained from 20 to 35 mA with a wavelength redshift of 1.38 nm. These results indicate that the comb can cover from 1525 to 1575 nm by adjusting the current. Fig. 5(a) shows the intensity autocorrelation traces of the dual-mode lasing spectrum and the generated OFCs, where the average pulse period maintains at 9.8 ps, i.e., corresponds to the repetition rate of 102 GHz. A cosine-modulated beating signal is created for the initial dual-mode microlaser with an extinction ratio larger than 3 dB. Four-wave mixing in the microresonator can generate two sidebands besides the two lasing modes, which can reduce the beating linewidth by phase locking the two modes in the device. According to the Gaussian fitting, the FWHMs of the compressed pulses are 3.8 and 1 ps for the 1st-stage and 2nd-stage OFCs, respectively. The larger compression ratio in the 2nd-stage corresponds to the process of spectral broadening shown in Fig. 4(b) , because the pulse width is inversely proportional to the OFC spectrum bandwidth. The temporal compression also leads to an enhancement of peak power by a factor k = 4.7 [39] . Fig. 5(b) and (c) depict the measured and retrieved FROG spectrograms for the final comb spectrum, which exhibit periodic distribution at time and frequency domain simultaneously. To quantify the match quality, the root-mean-square difference between the spectrograms G' is calculated to be 2 · 10 −4 . The recovered intensity and phase profiles are plotted in Fig. 5(d) by square and circle symbols, respectively. The retrieved pulse still shows Gaussian shape with a high extinction ratio. The phase variation is quite small over the entire pulse width, indicating the pulse is nearly transform-limited.
The generated OFCs with different repetition rates are also realized using different microlasers as summarized in Fig. 6 . Using the experimental setup in Fig. 3 and similar pump powers in Fig. 4 , we obtain the FWM combs with different repetition rates as shown in Fig. 6(a) . The line numbers of the cascaded FWM frequency combs are 21, 12, and 12 for the 16, 20, and 24-μm-side-length microsquare lasers, with optical signal to noise ratio higher than 10 dB, corresponding to the spectra range of 23, 5, and 4 nm, respectively. As shown in Fig. 6(b) , the corresponding autocorrelation traces have the pulse periods of 7.1, 19.3, and 21.9 ps, with the FWHMs of 0.9, 5.0, and 7.6 ps, respectively. By fitting the spectra with Gaussian function, we calculate the time bandwidth products and the values are 0.42, 1.15, and 1.9 for the 16, 20 and 24-μm-side-length lasers, respectively. From these results, we can conclude that dual-mode lasers with smaller size can have larger mode interval and higher SMSR, thus can generate more comb teeth.
Numerical Simulations and Discussions
As the nonlinear dynamics discussed in [40] , additional waves with the sum or difference frequencies are generated when the initial dual-frequency-pumped input propagation in the optical fiber. The two pump waves at frequencies f 1 and f 2 could interact to generate the two sidebands at frequencies f 3 = 2f 1 − f 2 and f 4 = 2f 2 − f 1 . Then the cascaded FWM waves are generated due to the interaction with each other, including the generated sidebands and the original pump waves. In order to deeply understand the FWM process and spectral broadening in the nonlinear fiber, we simulated the evolution of the electric field u(z, t) through the optical fiber transmission system by solving the following nonlinear Schrödinger equation [40] :
where u is the slowly varying electric field and α is the fiber loss factor. The nonlinear coefficient γ = 2πn 2 /λA eff is a critical value to weigh the strength of nonlinear effects, which describes the ratio between Kerr nonlinear constant n 2 and effective optical field area A e f f . β 2 and β 3 are the second-order and third-order dispersion coefficient, respectively, corresponding to the dispersion parameter D = −2cβ 2 /λ 2 and dispersion slope S =β 3 (2πc/λ 2 ) 2 +β 2 4πc/λ 3 . The self-steepening, Raman scattering, and Brillouin scattering effects are neglected in the simulation. We perform the simulation using split step Fourier method [40] , which is commonly used to simulate optical pulse propagation nonlinear spectral broadening.
Two discrete laser sources with the same parameters as shown in Fig. 4 are firstly considered. Fig. 7(a) represents the calculated spectrum using the same fiber parameters and pump conditions. The comb spectrum has the similar Gaussian shape as shown in Fig. 4(b) and ranges from 1525 to 1575 nm. The differences between the measured and simulated results may be caused by the amplified spontaneous noise of the two amplification stages and SBS. Then a three-stage spectrumbroadening scheme with dispersion management is simulated to broaden the comb spectrum. Providing the lasing power of 1 mW and linewidth of 0.1 MHz, we change the fiber lengths and pump powers to spread comb spectrum, with other fiber parameters unchanged. The same pump wavelengths as in Fig. 7(a) are used for comparison, with the three-stage HNLF lengths of 300, 200 and 200 m, respectively. The lengths of the SMFs between HNLFs are 80 and 14 m. At the pump powers of 436, 345, and 300 mW for the three stages, a more equalized and wide OFC spectrum from 1500 to 1600 nm is obtained as shown in Fig. 7(b) . The progressive comb spectrum can be attributed to the narrow linewidths of the initial lasers, which can increase the FWM efficiency. These results indicate that multistage nonlinear process under two pump waves with relative narrow linewidth can enhance the efficiency of the FWM comb generation greatly, which paves a way for further improvement. 
Conclusion
In summary, we have demonstrated phase-locked frequency comb generation in HNLF, using the continuous-wave dual-transverse-mode lasing square AlGaInAs/InP microlaser as a seed source. Optical combs with 102 GHz repetition rate and 50 nm bandwidth are generated, and the corresponding pulse width is compressed to 1 ps. Comb with different repetition rates are also realized by tuning the cavity size and mode interval. These results indicate that the single-cavity dualfrequency square microlasers are suitable for generating phase-locked OFC and picosecond pulse. The numerical model based on the nonlinear Schrödinger equation has been used to confirm the experiment results and optimize the OFC spectrum bandwidth and flatness. However, the laser linewidth and 1/f noise should be compressed and suppressed for further extending OFC spectrum respectively.
